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A sequence si of positive integers is called a Sidon sequence or a BE-sequence 
if the pairwise differences are all distinct. If, in addition, every non-zero integer 
appears in the set of differences we call si a BE-basis. 
Let A(n) denote the number of elements of si not exceeding n. Erd6s, see [2], 
has shown that lim inf n-½A(n)= 0 for every B2-sequence si, and that there is a 
BE-sequence si satisfying 
1 
lim sup n-~A(n) >- ½. 
In 1981, Ajtai, Kolm6s and Szemeredi [1] gave a random construction of a 
Sidon sequence for which 
1 3 A(n) > (n log n)~/10 for n > no. 
It is the purpose of this note to show that the same results can be obtained for 
BE-bases. 
Theorem 1. There is a BE-basis i for which lim sup n-½A(n) >I 1. 
Proof. Following Erd6s, [2, p. 90], let sip, p a prime, denote the set of numbers 
ak = 2p(k +p) + (kE)p, k = 1, 2 , . . . ,  p - 1 (1) 
where (kE)p is the least positive residue of k 2 (modp). Then sip is a BE-sequence. 
If a, a' • sip', a :/: a', then 
p < la - a ' l  < 2p 2 - p. (2) 
Let ~ denote a sequence of primes Pl <P2 <" " ", for which 
p,+l>~ 2pr 6. (3) 
Put 
~a '=  sit, l, ~)',, = ~,,-1LI sip., (4) 
where 
~,,=~,,'U{b,,,b,,+m}, 
m is the least positive integer which is not in ~) , ' -~ ' , , ,  and b, is the least 
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positive integer for which neither b, or b,, + m are of the form a i -1- a] -- ak, a i, aj, 
akE~n' .  Then b , ,+m<2l~, ' [  3. So b~+m<Ep 6. 
Clearly if ~ , '  is a BE-sequence then so is ~,. [] 
Lemma. ~, '  is a BE-sequence. 
Proof. We use induction on n. Since ~ '  
is BE. It suffices to show that 
a I -- a 2 = a 3 -- a4, a i E ~r.~ n'  
with al > a 2 > a 4 cannot hold. 
If (5) holds, then a 1 e ~p. and a 4 • ~n- l "  
I f  a 3 • S~pn, then 
a l -a2~<2p 2 -p .  by (2) 
and 
a3 a4 > 2p 2 I 6 -- 2Pn-1  >1 al a2 
violating (5). 
I f  a 3 • ~n-1 ,  then 
- -  6pn_  1 > a 3 a4, al a2 > Pn  > 2 
which again violates (5). 
= Sgpl, ~1' is BE. Now suppose that ~-1  
(5) 
by (2) and (3) 
Put ~ = U~=~ ~n. Then ~ is B2, since ~ c 92 c -  • .. ~ is dearly a B2-basis. 
For each p,, e ~ there are the least Pn -  1 elements of ~ less than 4p 2 -p , .  
Hence lim sup A(n)n-½/> ½. [] 
Theorem 2. There exist B2-bases ~t, for which 
A(n)  > (n log n)½/103 for all n > no. 
Note. The greedy algorithm gives a B2-basis ~/, with A(n)> cn ~. Pollington 
and Vanden Eynden [3] have constructed a BE-basis a l<a2<"  .with 
a k E [c(k -1 )  3, ck3], where c is a fixed constant. 
Theorem 2 follows immediately from a slight adaption of the random construc- 
tion of a BE-sequence given by Ajtai, Kolm6s and Szemeredi [1]. If x ~<y are 
positive integers, then the triple (x, y, x + y) is called a general triangle. To 
obtain their BE-sequence, Ajtai et al. construct a sequence Bi of sets of positive 
integers with the following properties: 
(i) Be is a subset of the interval [2- ltY, 3- 10i]; 
(ii) IBm[ = [i~10//333/102]; 
(iii) Bi is BE; 
(iv) the set Ai = U j~ Bj generates less than 10 L26i general triangles; 
(v) for no pair b, b' e Bi, b > b', is the difference b - b' in Ai-1 - A~_I. 
We can use the same construction, except, infinitely often we choose to replace Bi 
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by a pair {b i, b i + mi}, where as in Theorem 1, m~ is the least positive integer not 
in A~_I -A i _ l  and bi is chosen so that b i E [2" l0 i, 3" 10/]. If this change is made 
sufficiently infrequently we still have 
1 3 A(n) > (n log n)~/10 for all n > n 0, 
but now Ui~__l Ai is a B2-basis. 
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